Abstract. : We derive the usual Oberbeck-Boussinesq approximation as a constitutive limit of the full system describing the motion of an compressible linearly viscous fluid. To this end the starting system is written, using the Gibbs free energy, in the variables v, θ and p. The Oberbeck-Boussinesq system is then obtained as the thermal expansion coefficient α and the isothermal compressibility coefficient β tend to zero.
Introduction
The well-known Oberbeck-Boussinesq [11] , [3] approximation was designed as a simplified model for the thermo-mechanical response of linear viscous fluids undergoing isochoric motions in isothermal processes but not necessarily isochoric ones in non-isothermal processes. Its roots stem from the end of the 19 th century. Nevertheless, its justification from the point of view of continuum mechanics was quite recently given in 1996 by [12] (cf. [13] , [9] and [10] for earlier contributions).
From the mathematical point of view the expansion used in [12] is still formal. In [5] , [6] a rigorous justification of simplified problems has been given. We refer the reader to [8] , [7] for a completely different approach in which singular limits of the full system are discussed.
In this paper we use a new approach. Motivated by the studies in [1] , [2] we obtain the Oberbeck-Boussinesq approximation as a constitutive limit. Since this limit is singular it depends on the way how it is achieved. To achieve our result we re-write the full thermo-mechanical system with the help of the Gibbs free energy in the variables v, θ and p. It is important that the Gibbs free energy depends on two (dimensional) parameters a, b, which tend to zero. Then we nondimensionalize the system and make assumptions on the behaviour of the thermal expansion coefficient, the isothermal compressibility coefficient, the specific heat coefficient at constant pressure and the "density" on the non-dimensional versions of the paramaters a, b, which are denoted by A, B. We show that these requirements can be fulfilled by an easy example, which assumes that the density is linear in the pressure and the temperatur. Provided that weak solutions of the full thermomechanical system satisfying a uniform estimate exists we show that the limits satisfy the Oberbeck-Boussinesq approximation. Moreover, if we assume that the approximation parameters are fixed and sufficiently small we can also recover the results obtained by a power series expansion in [12] .
Let us finally introduce some notation:
In what follows boldfaced minuscules always stand for vectors and vector valued functions whereas boldfaced capital letters represent tensor valued functions, i.e.
. All quantities are considered at points x = (x 1 , x 2 , x 3 ) ⊤ ∈ R 3 and at a certain time t. We use the abbreviations
⊤ . The dot between two quantities denotes the corresponding scalar product, whereas the superposed dot is the usual material time derivative:
The trace of some tensor D is denoted by tr D and
For the identity tensor we write I.
Derivation of the Approximation
2.1. Governing Equations and Assumptions. The starting point for our analysis is the balance of mass, linear momentum and energy and the Second Law of Thermodynamics in the form of the Clausius-Duhem inequality:
where ρ denotes the density, v the velocity field, T the symmetric Cauchy stress tensor, b the density of external body forces, e the specific internal energy, L the velocity gradient, r the radiant heating, θ the temperature, η the entropy and q the heat flux vector. In the following we neglect radiant heating, i.e. r = 0, and assume that the body forces has a potential, i.e. b = ∇f . Moreover, we restrict ourselves to the case of a compressible linearly viscous fluid. Thus, we assume that
where p is the pressure, λ, µ are the constant viscosities and κ is the constant thermal conductivity. If v, θ and ρ are considered as independent variables in (2.1)-(2.3) it is useful to introduce the Helmholtz free energy ψ through
In this case we obtain from (2.3) that
(2.6)
However, for our purposes it is more convenient to view v, θ and p as independent variables in (2.1)-(2.3). To this end we introduce the Gibbs free energy φ through
In this situation we conclude from (2.3) that
The system (2.1) now reads
(2.9) Equation (2.9) 1 nicely reflects the fact that changes in volume are induced by changes in temperature and changes in pressure. In fact, if we introduce the thermal expansion coefficient α and the isothermal compressibility coefficient β through
we can re-write (2.9) 1 as
It is well known that for many fluids the thermal expansion coefficient α is small (α ≈ (10 −4 − 10 −3 )K −1 ) and the isothermal compressibility coefficient β is even smaller (β ≈ (10 −11 −10 −10 )Pa −1 ). Finally, it is convenient to introduce the specific heat coefficient at constant pressure through
With this notation we can re-write (2.9) 3 as
Remark 2.14. Note that in [12] special fluids that can sustain isochoric motions in isothermal processes have been considered. This formally corresponds to neglecting β in (2.11). For such fluids the Oberbeck-Boussinesq approximation has been formally derived in [12] with the help of a power series expansion. In [5] , [6] a rigorous mathematical justification of a simplified modell has been carried out. However, the mathematical justification starting with the full system from [12] is still lacking. One of the difficulties is the lack of appropriate apriori estimates, which is related to the fact that β has been neglected in (2.11).
In [1] , [2] thermal expansion models have been considered as a constitutive limit for free energies. In these papers the predictions of the compressible theory has been compared to the prediction of different limiting theories. However, these limiting theories are from the mathematical point of view singular limits. Thus, the way how the limit is achieved is important and different ways can result in different limiting systems.
In the present paper we combine ideas from [12] , [5] and [1] , [2] in order to derive the Oberbeck-Boussinesq approximation as a constitutive limit. To this end we consider the system (2.9) for a family of Gibbs free energies depending on (dimensional) parameters a, b > 0, i.e.
The dependence on the parameters a, b will be suppressed in the notation in most cases. Under certain assumptions we consider the limit as a, b tend to zero. Before that we render the system (2.9) non-dimensional by introducing dimensionless variables
where L, T, V, π and θ r , ϑ are typical length, time, velocity, pressure and temperatures, while g is the gravitational constant. 1 Moreover, let φ 0 be a typical value for the Gibbs free energy. We will not choose V , L and T independent of one another but use the relation V T = L. Note that the constants µ, λ, κ, θ r and g are assumed to be independent of the parameters a, b, while V, T, L, ϑ, π and φ 0 may depend on the parameters a, b. We will make this dependence explicit if necessary.
The definition of the non-dimensional analogues of a and b is motivated by the following observation: We introduce non-dimensional a thermal expansion coefficient α and the isothermal compressibility coefficient β by
where α 0 and β 0 are typical values for for the thermal expansion coefficient α and the isothermal compressibility coefficient β. The non-dimensional version of (2.11) then reads
where the superposed dot now stands for the non-dimensional material time derivative. In typical applications we see that
Since α 0 ϑ and β 0 π are non-dimensional numbers (depending on the parameters a, b) we roughly want that the non-dimensional analogue A of a behaves as α 0 ϑ and the non-dimensional analogue B of b behaves as β 0 π. This is made precise in 1 This form of the non-dimensionalization is motivated by a typical situation when the Oberbeck-Boussinesq approximation is used, namely a fluid layer in a gravitational field with a certain difference between the temperatur θ t at the top and θ b at the botton. In this case we would choose ϑ = θ b − θ t and θr = 2 −1 ϑ −1 (θ t + θ b ).
the following way: We set
and define the non-dimensional parameters A, B through The system (2.9) for the non-dimensional quantities and differential operators then becomes (we skip all bars for convenience): . Of course, for the quantities V, T, L, ϑ and π the same convention is used, e.g. V = V a(A,B),b(A,B) . Apriori there is no obvious representative velocity V in natural convection processes. As already observed in [4] such processes are reflected by the assumption V 2 ≈ g L α 0 ϑ. This is translated in our situation by
From (2.20) 2 follows that non-trivial body forces are only possible if φ 0 ≈ g L. Consequently, we set 22) and require that γ = O(1) as A, B tend to zero. We also introduce the Reynolds numbers Re µ and Re λ as well as the Prandtl number Pr by setting Note that all these requirements can be fulfilled simultaneously, e.g. if
then all above requirements are satisfied.
Using the above notation we can re-write (2.20) as
(2.25)
Concerning the behaviour with respect to A, B of the remaining quantities "thermal expansion coefficient", "isothermal compressibility coefficient", "specific heat at constant pressure" and "density" in (2.25) we make the following assumptions: There exists constants c 0 > 0, k
A,B i
, i = 1, 2, and functions α
where we require that 27) and locally uniformly in p, θ
with i = 1, 2, as A, B tend to zero. Let us illustrate the above procedure and assumptions by the following example:
Example 2.29. We assume that
i.e. the density depends linearly on the pressure and the temperature. This constitutive equation is in dimensional form and the constants ρ 0 , a, b are assumed to be positive. A possible Gibbs free energy compatible with such a behaviour is given by Moreover, straightforward manipulations show (with skipped bars)
where
− B 
From this we deduce for A, B tending to zero for all ϕ ∈ C ∞ 0 (Q) with div ϕ = 0
(2.36)
The system (2.35), (2.36) is the weak formulation of the celebrated OberbeckBoussinesq approximation.
2.3. Formal expansion. Our approach enables us also to recover the results in [12] and [5] for dissipation number Di = 0. To this end we assume that the parameters A, B are fixed but sufficiently small. Moreover, we assume that A is smaller than B in the sense that A 2 ≤ B ≤ A. This requirement is fulfilled in typical applications. In this situation we formally expand the non-dimensional quantities v, θ and p in (2.25) into power series with respect to the perturbation parameters A, B in the form
We attach the boundary conditions of the quantities to the zero order term and set the boundary conditions to be zero for the higher order terms. Similarly we expand the quantities c 0 , k This system is the same as the one obtained in [12] and [5] for Di = 0. The approximation combines different levels in the temperature and the velocity equation and the velocity has zero divergence.
